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The equation of motion for a domain wall coupled to gravitational field is derived from the Nambu-Goto 
action. The domain wall is treated as a source of gravitational field. The perturbed equation is also 
obtained with gravitational back reaction on the wall motion taken into account. For general spherically 
symmetric background case, the equation is expressed in terms of the gauge-invariant variables. 
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As a possible evidence of cosmological phase transitions in the early universe, topological defects may 
5^ , remain somewhere in our universe. The physics of spacetimes containing the defects such as cosmic strings 

and domain walls has been investigated extensively (see, e.g., Ref. In particular, domain walls as 
the boundary of a vacuum bubble in a false vacuum sea play an essential role in the open inflationary 
cosmology Q recently developed. There have been increasing interests in dynamics of domain walls in 
[ cosmology. 

Since, in most situations of cosmological interest, the thickness of domain walls can be neglected 
compared to all the other scales we shall consider infinitely thin domain walls in what follows. In this 
thin wall approximation, the trajectory of a thin domain wall in a spacetime is described as a hypersurface 
called the world sheet. In studies of dynamics of domain walls, especially in perturbation theory, we often 
assume that gravitational effects of domain walls are negligible. The dynamics of the wall is governed by 
the Nambu-Goto action on a fixed background spacetime. We also expect that the equation derived from 
the Nambu-Goto action could well describe the behavior of the wall even in the case that gravitational 
back reaction on the wall motion is taken into account. 

In perturbation theory, the small deformation of a domain wall is described by a single scalar field 
</> living in the background world sheet . On the assumption neglecting gravitational effects of the 
domain wall, the perturbation (f> obeys the Klein-Gordon equation in the form 

(□ 3 -m 2 )0 = O, (1.1) 

where the mass term m 2 is expressed in terms of the difference of the vacuum energy densities on the two 
sides of the wall, the surface energy density, the three-scalar curvature of the unperturbed world sheet, 
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and the spacetime Ricci tensor at the world sheet. The scalar held <f> couples to the exterior spacetime 
geometry only through the mass term. Since this equation has oscillatory solutions we naively expect 
that the oscillation of cf> might generate gravitational waves via the perturbed Einstein equations and 
would be damped gradually by the emission of the gravitational waves. 

On the other hand, we can see qualitatively different behavior of domain walls, using the metric junction 
formalism of Israel p]. The spacetime containing a thin domain wall as a source of gravitational held 
becomes singular at the wall hypersurface. The metric junction formalism is one of the ways to treat 
such singular hypersurfaces. Since the junction condition is derived from the Einstein equations, the 
influence of gravitational field on the wall motion is automatically taken into account in this formalism. 
The perturbations of domain walls interacting with gravitational waves are investigated by using the 
formalism by Kodama, et.al. || in a locally flat background case and by the present authors in the 
one-bubble open inflation Q background case. In these works, thanks to the high symmetry 0(3, 1) 
of the background geometry, the perturbed motion of the wall coupled to gravitational waves can be 
solved explicitly. It turns out that, once the gravitational back reaction is taken into account, the 
oscillatory behavior of the deformation of the domain wall disappears. Furthermore, the domain wall 
loses its dynamical degree of freedom and the perturbed motion of the wall is completely accompanied 
with gravitational perturbations. It is remarkable that the results indicate that the gravitational back 
reaction cannot be ignored even in the first order of the perturbation amplitude. 

In general, when we resolve the coupled system of a domain wall and gravitational perturbations, our 
task is to solve the perturbed Einstein equations and the equation of motion (EOM) for the domain wall 
coupled to gravitational field simultaneously. Indeed this has been accomplished in the works but 
the relation between the wall behavior in these analyses and the EOM for the domain wall derived from 
the Nambu-Goto action remains being unclear. 

As is well known, the EOM for a source of gravitational field is built into the Einstein equations via 
the Bianchi identity. Thus the EOM for a domain wall coupled to gravitational field should be consistent 
with the Einstein equations. Furthermore, as mentioned above, the world sheet of a thin domain wall as 
a concentrated source is singular hypersurface, hence the dynamics of the wall is that of the singularity. 
Then there naturally arises a non-trivial question whether the motion of such a singular source is well 
described by the equation derived from the Nambu-Goto action on a fixed background spacetime. 

In this paper, we shall derive the EOM for domain walls coupled to gravitational fields from an action 
principle. We explicitly show the perturbed EOM for a domain wall coupled to gravitational perturbations 
in generic background. When we treat perturbations of gravitational fields, we should give care to gauge 
modes. For general spherically symmetric background case, as a simple example, we express the EOM 
in terms of the gauge-invariant perturbation variables. We can see that the EOM obtained here actually 
coincides with that obtained by the metric junction formalism in Ref. |?j in the case of a vacuum bubble 
nucleation in de Sitter spacetime. 

In the next section, we shall develop the procedure to obtain EOM for a domain wall coupled to 
gravitational field from the Nambu-Goto action to be consistent with the Einstein equations. In Sec. Ill, 



we first obtain the perturbed EOM for a domain wall coupled to gravitational perturbations without 
imposing any symmetry on the background geometry. Next we introduce the gauge-invariant perturbation 
variables for the general spherically symmetric background case and represent the perturbed equation 
explicitly in terms of them. 

Throughout the paper, the unit c = 1 is adopted and 8irG is denoted by k, the signature of the 
spacetime metric is taken to be ( — ,+ ,+ ,+). The definitions of geometrical quantities and the notation 
are essentially the same as those in Ref. M . 



II. GENERAL FORMULA 



Consider a four-dimensional spacetime {M,g^ v ) with a continuous metric containing a domain wall 
whose world sheet £ divides the spacetime manifold M into two regions: M_ and M + . Provided that 
the whole spacetime manifold M = M + UEU M_ is smooth and £ is also smooth as a submanifold in 
M, a smooth coordinate system {x^} (the indices fi, v... run over 0,1,2,3) is taken in a neighborhood of 
£ in M. Then the embedding of £ in M is described by 

x»=x»(C), (2.1) 

where {C 1 } (the indices ... run over 0,1,2) is an intrinsic three-coordinate system assigned on £. The 
unit normal vector n M of £ pointing toward M + and the tangent vectors defined as 
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are characterized by 



g^n^n" = 1, 



fl^ef n" = 0. 



Then, the intrinsic metric qij on E is induced as 



and its inverse satisfies 



r/'VV/ = g^ - n^n v . 



The action for the coupled system of a domain wall and gravitational field is given by 
S = —a \ d 3 ( t ^/—q — p+ / d^x\/—g — p_ / d^xyf—g H / d i x\/—gR. 

JS ./AfU. iM_ 2k -/ 



(2.2) 

(2.3) 
(2.4) 
(2.5) 

(2.6) 



The first term is so-called the Nambu-Goto action for the domain wall which is in proportion to the 
proper three- volume of wall's world sheet. The constant a represents the surface energy density of the 
wall. The second and the third terms are proportional to the four-volume of the M + and M_ regions 
respectively. The constants p± are the vacuum energy densities of the M± regions respectively. The last 
term is the Einstein action, where R is the s cala r curvature associated with g^. 

First, consider the variation of the action (2.6) with respect to small changes in x^^ 1 ) on E, 



Then we obtain the equation 



where CI3 is the d'Alembertian in E defined by 
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□ax" 



-Q 



(2.7) 



(2.8) 



(2.9) 



r^\i, is the Levi-Civita connection associated with g^, ( 3 >Di is the covariant derivative with respect to 
qij, and p :=/?+- p— 

The tangential directions of <5x M to E correspond to diffeomorphisms, Q — > +<5£ l , on ^ and the trans- 
verse direction is the only degree of freedom for physical motion. Hence physically relevant component 
of Eq. (pis) is the normal one: 



V n 3 ^ + n^^e^e) + t = Q. 



By the Gauss- Weingarten equation 



(3) 



Eq. (2.8) is further simplified in the form 



K 



P 
a 



Here, K is the trace of the extrinsic curvature defined by 

Next, taking the variation of the action in g^ v , we obtain the Einstein equations 



(2.10) 



(2.11) 



(2.12) 



(2.13) 



3 



~ \R9»v = kT/u" ( 2 - 14 ) 

For convenience, let us introduce the Gaussian normal coordinate system {x, 0} m a neighborhood of E 
in which the spacetime metric takes the form 

g^dx^dx" = d X 2 + (Hjdtfdtf. (2.15) 

Without loss of generality, one may choose % = on E and x > 0(< 0) on M + (M_), respectively. In this 
coordinate system the energy-momentum tensor is expressed as 

V = -a qfiU (C)5( X ) - P9^e( X ), (2.16) 

where q^ v is the four-dimensional extension of qij, 5{ X ) the 8- function, and 9( X ) the step function. 

It should be noted that the whole spacetime manifold M can be regarded as a hybrid of M + and M_ . 
The boundary hypersurfaces dM± should be matched with E. Since the coordinates X th are smooth in a 
neighborhood of E the tangent vectors are continuous at E. Then the intrinsic metric qij defined by 



Eq. (2A) is continuous and well define d at E. The three- Ricci tensor ^'R % j in E is also continuous. 
On the other hand, since Eq. ( |2T6l ) has a singular term which is proportional to the J-function and 



the Einstein equations ( 2.14 ) contain the second derivatives of the spacetime metric, the first derivatives 
of the spacetime metric become in general discontinuous at E, i.e., (d x gij)\^ ^ (<?x2ii)l + - The r elated 
quantities such as the extrinsic curvature Kij is not well defined on E. Thus Eqs. ( 2.1 0| ) and ( 2.12 ) have 
ambiguities in the evaluation of r^xv an d at E. 

Let us see how to evaluate the discontinuous quantity K l j on E from the view point of consistency 
with the Einstein equations on the whole spacetime (M,g^ u ). Let E x be a x — const, hypersurface 
(E = E x= o). In the Gaussian normal coordinate system, the unit normal vector to E x and the extrinsic 
curvature of E x , which is well defined if E x ^ E, are represented respectively by 

n" = (d x T, (2-17) 
Kij = -\d x9lJ . (2.18) 

The (i,j) components of the Einstein equations are formally expressed as 

G*,- = {3] R l j + i (3) i?<5 l j - KK l } - ^5 l 3 (2q lm ^R lm - K lm K lm + A 2 ) + d x K l 3 

= -Kfi i j<r{8bd + £0( X j}- (2.19) 
Then the extrinsic curvature of E should be given by 

K^lx := lim f dxK^Six) 

= ~ 2^ So / dx ( Ki ™ d x Km i + K m 3 d x K\ n ) 

= ilim(l?%„ f d X 5 m j 5( X )+K m j ^ d x 6 l m 5{x) 



2 e^O 

= K*j, (2.20) 
where Eq. ( [2.19 ) is used for the second and the fifth lines, and K l j is defined as 



&i := \ lim {A^| +e + K^U) = \ \ l\' \ • /\ , } . (2.21) 
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The extrinsic curvature KfAK^) of the boundary hypersurface 9M+(<9M_) is defined by the right (left) 
differential coefficient d x gij\ + (d x gij\-) on the hypersurface. We should replace the extrinsic quantities 
on E by the algebraically averaged one. Hereafter, we use 'average' in the sense of Eq . (2.21). 

We therefore should recognize the extrinsic quantities which appear in Eq. ( [2.10] ) (and equivalently 
Eq. (2.12)) as the averaged one. Thus Eq. ( p. 10 ) should be replaced by 



n^x" + n^^ele) + t = Q. 



This expression is independent of coordinate choice. Equivalently, Eq. ( [2.12 ) should be 



K 



P 



(2.22) 



(2.23) 



We note that, in fact, we can see that Eqs. K± = pja are incompatible with the continuity of the 
intrinsic metric q^ from the junction conditions p|-|l(]|]. For example, in the case of a vacuum bubble 
if K± — pja expressed the bubble wall motion, it would imply r 2 . ^ r\ at E from Eq. (2.44) in Ref. 
though r\ are the compone nts o f the intrinsic metrics (q g)±. 

On the other hand Eq. (2.22) (and equivalently Eq. ( 2.23] )) describes the embedding of S into the 
physical spacetime (M, gy^,) being consistent with the Einstein equations and the motion of the domain 
wall. 

Here, we briefly summarize the procedure how to derive the EOM for a domain wall coupled to 
gravitationa l fie ld, (i) Consider the half spacetimes M+ and M_ separately and take the variations of 
the actions (2J3) in the extrinsic coordinates x^ of wall and get tentative equations of motion, (ii) Take 
an average of these two equations, so we get the desired equation for E in {M,g^ v ). 



III. PERTURBED EQUATION 



Let us consider the perturbed EOM for a domain wall. Following t he pr ocedure proposed in the previous 
section, we first take the perturbations of the tentative equation ( 2.10 ) formally, and then replace the 
extrinsic quantities on E by the averaged ones. 



A. Perturbed EOMs on generic background spacetimes 



We concentrate on M + and suppress '+' to keep the simplicity. Let 8 be a perturbation of the extrinsic 
coordinates x^ on the wall: 



(3.1) 



and consider the perturbation of Eq. (2.10). Note that the perturbation 8 in Eq. (BTj), which is formally 



the same as the mathematical variation 8 in Eq. (2.7), is a physical perturbation. Since the transverse 
motion is physically relevant, the wall displacement 8x t * can be described with a single scalar field 4>{Q) 
in E by 



8x^ = 4>n t ' 



(3.2) 



In Refs. 



it is considered that the perturbations of the wall intrinsic metric are induced by Sx^ 



through the relation qij(x) — g llly (x)e\'ej . However in the coupled system of a domain wall and gravita- 
tional field, the wall motion also generates metric perturbations. Then we should take account of them, 
described by 8' as 



s> : 9nu{x) — ► g'uvi 1 ) : = 9^i x ) + hp V (x). 

Now, full perturbation is 5 := 8 + 5'. The spacetime metric then transforms as 

8 : g^ v {x) — ► g'ftvix) = g^ v {x + 8x) + h^ u (x) 

= gn,v{x) - 2<f>Kf lv {x) + hfj, v {x), 



(3.3) 



(3.4) 
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where is the four-dimensional extension of Kij of the background world sheet. The wall intrinsic 
metric q^ transforms as 



where 



9C 



and we use the orthogonality e^n^ = 0. Thus, 



5 : q ij (x) — > q'^x) = {g^(x) + h^(x)} e^(x)e^(x) 
~ qij(x) - 2(j}K ij (x) + hij(x), 

e i( x ) : = = e i( x ) + n 
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5q lj (x) = —2<f>Kij(x) + hij(x), 

5q l3 {x) := -q il q jk 6q lk {x) = 2<f)K ij {x) - h l] {x). 



From Eq. (2.8), the perturbation of Eq. (2.10) reduces to 



^ x £.r,A - 



The first term in the LHS of Eq. (|J) is 



(3.5) 



(3.6) 



(3.7) 
(3.8) 



(3.9) 



(3.10) 



where we use the relation Se^ = dSx^/d^ = n^djcj). After some calculation, which is shown in Ap- 



pendix the second term in the LHS of Eq. (3^)) becomes 

M (r"„A? y e?e*) = Whtf - \q l3 d x h l3 - Kh xx - A, ,/''*' + 2 (/x,.,A" + ig^iTy) 



(3.11) 



It should be noted that ATy and d x Kij in Eq. ( 3.11 ) are defined b y th e right differential coefficient in 
M+ on 8M+ From g^n^n" — 1, the third term in the LHS of Eq. (3.9) becomes 



We therefore find that Eq. ([II]) reduces to 
(□ 3 + 2K ij K i i + q l 'd x K t3 ) 0(C l ) 



2a 



(3.12) 



+ (3) £>^ xj - r/ : <KI',j ~ Knit* - [ K 



With the aid of the relation 



-a ij d h - — K h ij = -d h j ■ 



IE 

2a 



Kx = °- 



and the Gauss-Codazzi equation 

d x K = 2A,.A'' + q ij d x Kij = ,/'■'/,',, - + K 2 

we obtain 

(□a - m 2 ) 0(C) + J = 0, 

where 



-m 



1 



J := (3) L> J '/i XJ - + -d Y h j ., -\K+-E\h 



2a 



(3.13) 

(3.14) 

(3.15) 
(3.16) 

(3.17) 



Considering the perturbation of the wall motion in M_ , we obtain the equation for (f> in the same form 
as Eqs. Q3.16fl and ( §T7| ). 



(» 



Re placi ng the extrinsic quantities ( Ky, K 2 , Rij) of S by the averaged values (Kij,K 2 , Rij) and using 
Eq. fl2.23|), we obtain 



(□ 3 -m 2 ) 0(C) + J = 0, 



with 



in- 



J 



X3 



<»>«-(£ 



XX- 



(3.18) 

(3.19) 
(3.20) 



This is the perturbed EOM for a domain wall coupled to gravitational perturbations. Note that the 
source term J is described by the long itudin al part, the trace part, and the scalar part of the metric 
perturbations. In the derivation of Eq. (3.18), no symmetry is required to the background geometry. 

In relativistic perturbation theory, perturbed quantities have unphysical gauge freedom. Associated 
with an infinitesimal coordinate transformation 



6:x» 

the metric perturbations transform as 



xf + Sx* =: a^ + f, 



5 : h 



f i,j 



Sh 



(3.21) 



(3.22) 



As seen below, though Eq. (3.18) is gauge-invariant, the scal ar field <p and J themselves are gauge- 
dependent. Indeed, associated with the transformation (3.21), <f> transforms, by the definition ( |3.2|) , 

as 



and J transforms as 



where we use the equation 



5 J 



-(□ a -m 2 )£ x -?'iVr, 



(3.23) 
(3.24) 
(3.25) 



Once the average is taken, the second term in the RHS of Eq. (3.24) vanishes from Eq. ( 2.23| ). This 
suggests that the wall variable <f> combines with a gauge-dependent gravitational varia ble contained in 
J to form a gauge-invariant wall displacement variable. We shall represent Eq. (3.18) in terms of the 
gauge-invariant variables explicitly in general spherically symmetric background case in the next section. 



B. Spherically symmetric background case 

In spherically symmetric background case we can expand the perturbations by the tensor harmonics and 
express the perturbed equation in terms of the harmonic expansion coefficients. Furthermore, introducing 
the gauge-invariant variables for the metric perturbations according to Gerlach and Sengupta [jy] , we 



find the gauge-invariant wall displacement variable. Then, we write down Eq. ( 3.1 8| ) explicitly in the 
gauge-invariant way. 

In general spherically symmetric spacetime, the metric takes the form 

ds 2 = g^dxTdx" = Jab(y c )dy a dy b + r 2 (y c )n pq d Z P dz« . (3.26) 

Here, Q, pq dz p dz q is the metric on a unit symmetric two-sphere with angular coordinates z p , i.e. 

fl pq dz p dz q = d9 2 + sin 2 6dip 2 =: dtt 2 , (3.27) 

where 9, if are the standard angular coordinates. The functions r(y c ) and j a b{y c ) are scalar and tensor 
fields on the two-dimensional orbit space 2 M spanned by the two-coordinates y a and each point of 2 M 
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represents a symmetric two-sphere. The indices a, 6, c, ... represent indices on the orbit space and p,q,r, ... 
on the two-sphere. The history of the spherically symmetric domain wall is described by a timelike orbit 
in 2 M. 

Let T a be the future directed unit timelike vector of the orbit of £ in 2 M. The proper time r of £ is 
defined by T a d a r = 1. Then, the orbit space metric can be decomposed as 

lab = -r a T b + n a n b , (3.28) 

where n a is the unit normal vector to £ in 2 M . The wall intrinsic metric is expressed as 

qij dC<K j = -T a T b dy a dy b + q pq dz p dz< 1 

= - dr 2 + r 2 (T)dfl 2 . (3.29) 

The intrinsic coordinates C are naturally taken by 

C = (r,6, V ). (3.30) 

Let D a and D p be the covariant derivatives with respect to the orbit space metric "f ab and the unit 
two-sphere metric Q pq , respectively. Then, the components of the extrinsic curvature KijdQdC? are 
represented by 

Kab = T a T b K c c = -T a T b T C D//n c , (3.31) 

K ap = 0, (3.32) 

Kpq — rQpq — ^ ^pq — ) (3.33) 

where and hereafter, we use the abbreviated notation such as /* := r a f a and f± := n a f a . We also note 
that K c c = —t^t 1 'K^v, the partial trace K p p = K 2 2 + K 3 3 , D a n a , and D±r are scalar fields on 2 M. 



1. Tensor harmonics expansion 

We introduce the vector and tensor harmonics on the unit symmetric two-sphere, which are induced 
from the spherical harmonic functions Y l m (z p ) satisfying 

{A 2 +;(Z + 1)}y7 ti = 0, (3.34) 

where A 2 := QPiD p D q . 

The vector and tensor harmonics are given by, for the odd mode, 

{V {o) lm ) P := epq&Yr, (3.35) 

(T(° 2 \ m ) P q := \{t qr b p + e pr D q )D r Yr, (3.36) 



and for the even mode, 



(V^T)p ■■= D P Yr, (3.37) 
{T (e0) ?) Pq := \n pq Yr, (3.38) 



(T {e2) T) Pq ■= [D P D q + + l)n pq \ Y{ 



It is obvious that 



(3.39) 



Dp(V {o) imT = 0, {T {o2 \ m )p P = 0, (3.40) 
(T (e2 \ m ) p p = 0. (3.41) 



Then, the odd modes are irrelevant for J given by Eq. (3.17), which contains neither transverse nor 
traceless part of the metric perturbations. 
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The even mode metric perturbations are expanded as 



h^dafda? = Y J {(f (e) im)a b Y lm dy a dy b + r(f^ lm ) a (V^ lm ) p (dy a dz p + dz p dy a ) 

l,m 

+ (r 2 (f^\ m )(T^\ m ) pq + r 2 (f e2 \ m )(T^ 2 \ m ) pq ) dz p dz q }. (3.42) 



Hereafter, the angular integers /, m and summation are suppressed for simplicity. The expansion 

coefficients, / (y c ) , f a (y c ) , fab{y c ) are scalar, vector, and symmetric tensor fields on the orbit space 2 M, 
respectively. 

The scalar function <f>(C) = 4>( T )Yi m (z p ) and J are described by the even mode functions. After 
straightforward manipulation, we can express Eq. (3.1£) in the form 



-D} - 2 



D,r 



1(1 + 1) , 

-m >0(t) 



n fW 9 ( D /I r \ d e ) j. 1 n f< e ) f (ei) ! n f(eo) /V j. 1 ^ f( e ) - n f?^ 

- 0///.L - 2 ^^T" J //± + 2 Bd IHI ~ 2 ±f { + 2 a ) f±± ~ °' (3 3) 

where we omit Yj m (z p ). The operator acting on in the first term is nothing but the Klein-Gordon 
operator on the background world sheet. 



2. Gauge-invariant expression 



Let us introduce the gauge-invariant perturbation variables and express Eq. (3.43) in terms of them. 
The even mode generator ^dx^ of the gauge transformation (3.21) is expanded as 



£<fW = £, { a e) Ydy a + r£_^V p {e) dz p . 
Then, the even mode gauge transformed metric perturbations are 



(3.44) 



Ih^dx" = -(A^ + D b ^)Ydy a dy b - <j^ e) + r 2 D a (^j J V p ^(dy a dz p + dz p dy a ) 

+ 2 U(l + l)£ (e) - 2r£i e) £> a r} T^dz p dz q - 2^T^dz p dz q . (3.45) 



From Eqs. (3.42) and (3.45), we take the even mode gauge-invariant metric perturbation variables as 

(3.46) 
(3.47) 



T := / (e0) + 1(1 + l)/ (e2) - -X a D a r, 



Fab '■— fab — D a X b — D b X a + -Fjab) 



where the vector X a is defined by 



X a := rf 

In terms of T a b and J 7 , J is represented as 



(el) a 



„2 D aj(e2)^ 



(3.48) 



- D //- 7 7/- 



r 



-Dj - 2 1 



Til 



1 1 



Di, 



1(1 + 1) 



D ± K^ X ± 



K 



D X X ± - X/D/K 



Y, 



(3.49) 



where we use T c D±n c = 0, Eqs. ( 3.31 ), and ( 3.35 ). From Eq. ( 2.23 ), the average of the last line vanishes, 
i.e., 



K + £J D ± X ± = X//D//K = 0. 



(3.50) 



Thus, taking the average we obtain consequently 

(□s-m?) S +7 = 0, 

where 



is the wall displacement variable and 



But 



- D II T II- 



mi 



-D±J r 



Up 

2 Vcr 



•F i 



is the source term. Since, for the transformation ( |3.2l| ), the vector X a transforms as 



SX a = -<f\ 



(3.51) 



(3.52) 



(3.53) 



(3.54) 



and from Eq. ( 3.23| ), i t turn s out that the wall displacement variable B given by Eq. (3.52) is gauge- 
invariant. Thus, Eq. (3.51) is a manifestly gauge-invariant form of Eq. ( 3.1 8| ) for general spherically 
symmetric background case. 

In the gauge choice such that X± = on the perturbed world sheet, 0(r) represents the displacement 
of the perturbed wall from the background world sheet. On the other hand, in the gauge <f> = on the 
perturbed world sheet, which is used in Refs. [^[(7), X± measures the wall displacement. 

In the case of a vacuum bubble nucleation in a false vacuum sea, provided that M- is Minkowski 
spacetime and M + de Sitter spacetime with the cosmological constant A =: 3H 2 = up, the boundary of 
the bubble is a domain wall whose world sheet has an 0(3,1) symmetry. Then, using the constraints of 
the Einstein equations (see Ref. or |T^]), 



(3.55) 



we can easily verify that Eq. (3.51) reduces to Eq. (5.3) in Ref. in the gauge choice = 0. 

For such an 0(3,1) symmetric background case, Eq. ( 3.18 ) is also described in a simple way analogous 
to the usual cosmological perturbation [jl3| . In Appendix |B|, we introduce the gauge-invariant variables 
following Ref. p3[ and express the equation in terms of them. 



IV. SUMMARY 



We showed the procedure to obtain the EOM for a domain wall coupled to gravitational field from the 
Nambu-Goto action. We should take care that the spacetime is singular at the world sheet of the wall, 
where the left and the right derivatives of the metric (extrinsic quantities) are defined respectively and 
these do not coincide. First, we concentrated on each half spacetime and got two equations by the action 
principle for the world sheet as the boundaries of the half spacetimes. Next, in order to obtain the EOM 
which is consistent with the Einstein equations we should take the average of these equations, in other 
words, take the average of the left and the right derivatives. 

Following the proposed procedure, we derived the perturbed EOM for the domain wall in general 
background geometries with taking the gravitational back reaction into account. The effects of the 
gravitational back reaction is included in the source term of the equation. 

In treatment of gravitational perturbations, there is the gauge ambiguity. In spherically symmetric 
background case, as a simple example, we found that (f> combines with a gravitational variable to form a 
gauge-invariant wall displacement variable, and derived the EOM in a manifestly gauge-invariant form. 

In the special cases considered in Refs. || and @], wall's EOM s, which are derived by the use of the 
metric junction conditions in these works, coincide with Eq. ( [3.51 ) if we take the gauge = 0. Since the 



metric junction conditions are nothing but the Einstein equations at the world sheet, this coincidence is 
quite natural. Indeed, the Einstein equations contain the EOM for matter via 

V U T^ = 0, (4.1) 
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which is ensured by the Bianchi identity. In this viewpoint, we may expect that, once we regard the orbit 
of a domain wall as a singular hypersurface, the dynamics of the wall is completely described in terms 
of the dynamics of gravitational field as discussed by Einstein, Infeld, and Hoffmann Q. In Rcfs. Q 
and [Q, for the case of perturbations of the 0(3,1) symmetric domain walls, it is shown that the walls lose 
their dynamical degrees of freedom. In addition, there is no spont aneou s oscillation of the wall. These 



results suggest that the gravitational back reaction term J in Eq. (3.18) is important for the motion of 
domain walls coupled to gravitational perturbations. 

In order to clarify the feature of the coupled system of extended objects and gra vitati on in more 
detail, we should analyze more generic cases. To find a gauge- invariant form of Eq. ( |3.18 ) in generic 



background case is an interesting problem. Generalization of the study for the system of a cosmic string 
and gravitational field is one of the next steps. 
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APPENDIX A: CALCULATION OF THE CONNECTION TERM 



The second term in the LHS of Eq. (3.9) is decomposed as 



W^e^e)) = n^ vX q^ e\e) + vX 5q^ e^e] + vX q^ e^e) . (Al) 



From Eq. (3.4), the first term in the RHS of Eq. ( |A1[ ) is written as 

n^^e^e) = ln»q ij {V t h M + Vjh^ - V M /j tJ ■) 

= W&fhd ~ \<f ] d x h l3 - Kh xx + o^i\K,, (A2) 

The second term in the RHS of Eq. ( ]Al[ ) becomes 

n^xSq^e^e^ = 2<]>K ij K ij - Kijh ij , (A3) 



and the last term of Eq. (Al) vanishes. 



APPENDIX B: PERTURBED EOM FOR AN 0(3,1) SYMMETRIC DOMAIN WALL 

In a Gaussian normal coordinate system, the metric of a spacetime with an 0(3,1) symmetric timelike 
hypersurface £ is described as 

ds 2 = dx 2 + a( X ) 2 {-df 2 + cosh 2 fdtt 2 ) , (Bl) 

where f is the proper time of E normalized by a(0). Hereafter, we shall consider the three-metric q\j 
rescaled by a 2 , i.e., qijdQdC,^ = —df 2 + cosh 2 f dfl 2 and denote the covariant derivative with respect to 
qij by -D;. Let the metric perturbations be 



h 



xx 
hxj 
hij 



2a, (B2) 
a/3,-, (B3) 
2a 2 (hrfy + h Tij ) , (B4) 



where D l fiTij = 0. 

Decompose the perturbations into the scalar, the vector, and the tensor type as follows: 
for a vector v 3 in S, 

v j = D j v L +v T j , (B5) 
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where 

D l Div L = Div\ DiVt 1 = 0, (B6) 
for a second rank symmetric tensor £y in E, 



(B7) 



where 

t L := t 1 ,, A*t = 0, A*tt j = 0, ^tt i = 0. (B8) 



Associated with the infinitesimal coordinate transformation (3.21), the metric perturbations transform 

as 



tensor type, 
vector type, 

scalar type, 



Sh TTlJ = 0, (B9) 

50 Tj = ~a£ Tj , (B10) 

Sh Tj =-C Tj , (Bll) 

8a = -t±, (B12) 

60L = ~<l ~ -U, (B13) 
a 

Sh L = ~\d 1 D£l - -U, (B14) 
6 a 

Sh T = (B15) 

where the dot denotes the x derivative and £j_ := £ x . Then, the gauge-invariant perturbation variables 
are chosen as 



tensor type, 
vector type, 
scalar type, 



Here 



iTTij, (B16) 



4 := a(3 J T - a 2 h J T , (B17) 



<P :=K--a L , (B18) 
a 

<P:=a-a L . (B19) 



K:=h L - ^D l Dih Tl o-L := a(3 L - a 2 h T , (B20) 



and their gauge transformations are 



5TZ = Sa L = -£j_. (B21) 

a 



In terms of these variables, Eq. ( 3. 18|) is rewritten as 



O 

□ 3 - m 2 ) S - + °W = 0, (B22) 



where S := 4>(C l ) + o~l is the gauge-invariant wall displacement variable. 
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